Aims. We improve the description of the evolution of the Sun's open and total magnetic flux on time scales of years to millenia. Methods. In the model employed here the evolution of the solar total and open magnetic flux is computed from the flux emerging at the solar surface in the form of bipolar magnetic features, which is related to the sunspot number cycle parameters and can be estimated from historical records. 
Introduction
The variability of the magnetic field has a strong influence on the dynamics of the outer layers of the Sun. Thus, the 11-year cyclic variability of the magnetic field is registered by several solar parameters such as the sunspot number and area, the rate at which flares and coronal mass ejections occur, the flux of solar X-rays, radio waves and solar energetic particles, as well as the total and spectral solar irradiance. The variation of the total magnetic flux and the surface distribution of the field also influences the open magnetic flux and hence the heliospheric magnetic field.
Our knowledge of the evolution of the Sun's magnetic flux on longer time scales is limited by the availability of continuous and reliable observations of the solar magnetic field. Most of these observations are available for just a few decades, e.g. since the beginning of the space age in the case of the open magnetic flux. On longer time scales, the solar magnetic flux must be reconstructed or computed from proxies. Thus, the heliospheric flux (i.e. the solar open flux) is reconstructed based on the geomagnetic aa-index from 1868 to the present (Lockwood et al. 1999; Rouillard et al. 2007 ). The open and total magnetic flux since roughly 1610 can be computed from the sunspot number (Solanki et al. 2000 . During this period, the open flux doubled. On millennial time scales, reconstructions of the solar open flux and sunspot number were obtained based on cosmogenic isotopes such as 14 C and 10 Be Usoskin et al. 2002 Usoskin et al. , 2003 Usoskin et al. , 2004 Usoskin et al. , 2007 .
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The evaluation of the solar surface magnetic flux budget requires continuous and full-disk magnetograms, which are available for just for the last few solar cycles. Even for this period the total amount of magnetic flux emerging in small bipolar magnetic regions is uncertain due to the limited spatial resolution of the data (Krivova & Solanki 2004) . In order to assess the solar magnetic flux budget on longer time scales semi-empirical models have been used (Krivova et al. 2007; Solanki et al. 2000 Solanki et al. , 2002 , as well as flux transport computations (Baumann et al. 2004; Mackay et al. 2002; Schüssler & Baumann 2006; Wang et al. 2002 Wang et al. , 2005 . The former are based on the sunspot record and attempt to reconstruct the evolution of the total magnetic flux and the flux emerging in large and small bipolar regions as well as the evolution of large unipolar regions that give rise to the solar open flux. These models are validated by comparing them with the record of the total magnetic flux obtained from magnetograms as well as with a longer record of the Sun's open magnetic flux deduced from the aa index, a measure of the variability of the Earth's magnetic field produced by its interaction with the variable interplanetary field, i.e. the Sun's open flux (Lockwood et al. 1999 ).
The models of Solanki et al. (2000 Solanki et al. ( , 2002 of the evolution of the solar magnetic flux reproduce the long-term variation of the solar open flux reasonably well, but give a much smoother variation over the solar cycle than the observations. In addition, the computed open flux lags the observations by roughly 2-3 years. These shortcomings are the result of the simplicity of the model, which, in order to explain the long-term trend requires the open flux to have a lifetime of multiple years. Such an extended life- time is appropriate for the field in the large polar coronal holes, but not for some of the smaller, relatively short-lived low-latitude coronal holes that are the source regions of a significant fractions of the open flux during the high activity phases of solar cycle.
The main motivation of this work is to estimate the evolution of the solar magnetic flux taking into account that in addition to the long-lived open flux there are also more rapidly evolving source regions (coronal holes). These are often associated with active regions or decaying active regions. For the purposes of the model, it is important to distinguish between the slowly and rapidly evolving flux and not between the locations on the solar surface. In particular, there is no one-to-one correspondence of high and low latitude coronal holes to slowly and rapidly evolving flux.
The paper is structured as follows. In Sect. 2 we describe the solar magnetic flux model, the parameter optimization procedure, and the model parameters. The results are described in Sect. 3. The extension of the model to periods prior to telescopic sunspot observations is presented in Sect. 4. The conclusions are given in Sect. 5.
Model Description

Approach
The model presented here is an extension of the one presented by Solanki et al. (2002) , which is itself an extension of the work of Solanki et al. (2000) . In this model the evolution of the total and open magnetic flux is computed from the flux emerging at the solar surface in form of bipolar magnetic features. On the Sun, the bipolar magnetic regions display a continuous size spectrum (Harvey 1993 ). In the model the spectrum is divided into two classes according to the size and life-time of the structures, following Harvey (1993) and others. Large bipolar structures emerging in the activity belts and living up to several weeks are classified as Active Regions (AR). Small short-lived bipoles, which emerge over a larger range of latitudes, are classified as Ephemeral Regions (ER). The magnetic flux emergence rate in active regions is roughly proportional to the sunspot number, which allows it to be estimated from historical records. The emergence rate of magnetic flux in ephemeral regions is higher than in active regions and their contribution to the total photospheric magnetic flux is significant. In spite of their limited lifetime the number and latitude of ephemeral regions also evolves over a cycle, which is extended with respect to the sunspot cycle, but shows a much smaller contrast between activity maximum and minimum. The literature contains contradictory statements whether there are more or less ephemeral regions at activity maximum (Hagenaar 2001; Harvey 1993 ). In the model, parameters of the cycle (such as time of maximum, amplitude and length) displayed by the ephemeral regions are assumed to be related to the properties of the corresponding sunspot cycle.
Part of the magnetic flux that emerges in active and ephemeral regions is dragged outward by the solar wind and reaches far into the heliosphere. It is called the open magnetic flux. As the source of the open magnetic flux is located in often large regions with a dominant magnetic polarity, it can survive on the solar surface for a relatively long time, reaching up to several years. There are, however, also smaller, shorter lived coronal holes often associated with decaying active regions. These lead to a far more rapid variation in the Sun's open magnetic flux, in particular around activity maximum and shortly after it. Hence, some of the flux from active regions does open, but stays open only for a relatively short time (Cranmer 2002) . Ikhsanov & Ivanov (1999) show a histogram of equatorial coronal holes (CH) lifetimes according to which nearly 50% do not outlive 3 solar rotations, implying a median lifetime of 80-90 days. This may be an upper limit, since they only consider equatorial coronal holes that survive at least 2 solar rotations. We stress, however, that our rapidly and slowly decaying open fluxes cannot be simply associated with low and high latitude coronal holes. An alternative interpretation of the rapidly evolving open flux is that it is additional flux carried into the heliosphere by CMEs before their disconnection from the Sun (Crooker et al. 2002; Luhmann et al. 1998; Owens & Crooker 2006 ). As such, it is not strictly open (in the sense that it does not reach all the way out to the Heliopause), but it does contribute to the interplanetary field and the Sun's magnetic flux at 1 AU. This is a relevant quantity for comparing with the open magnetic flux at 1 AU reconstructed by Lockwood (2009) .
In the following, we extend the previous model of Solanki et al. (2002) The input parameters of the model are the flux emergence rates of active and ephemeral regions. Here, the flux emergence rate in active regions is chosen to be linearly proportional to the monthly averaged group sunspot number (Hoyt & Schatten 1998) , R g , and is scaled according to the observations of Schrijver & Harvey (1994) for cycle 21. Following Krivova et al. (2007) , we define the flux emergence rate of AR as Solanki et al. (2002) , we obtain the total flux emergence rate in ER as a sum over multiple overlapping cycles
where we define ǫ i eph (t) as
Here X is a scaling factor and g i (t) is a function defined as
where t i c is the time at which cycle i reaches maximum activity and T i eph is the length of the ephemeral cycle. Equation (10) is equivalent to Eq. (6) of Krivova et al. (2007) . The length of the ephemeral cycle is related to the length of the activity cycle, T i , in the following way:
and
where c x is the ER cycle extension parameter and 2T i ext is the extension of the ER cycle i in relation to AR cycle i.
We define the maximum emergence rate at cycle i, which appears in Equation (9) as
where R max,i g is the maximum sunspot number observed at cycle i.
Parameter optimization
The model has 8 free parameters. These are introduced and discussed in Sect. 2.3. Here we describe how the optimization is carried out. The free parameters were adjusted by comparing the model output with observations of the total surface magnetic flux deduced from synoptic charts of the Sun's radial field (Arge et al. 2002) and with a reconstruction of the open magnetic flux based on the geomagnetic aa-index by Lockwood (2009) . This is a revised version of the reconstruction due to Lockwood et al. (1999) . This revised open flux includes corrections due to kinematic effects produced by the propagation of CMEs (Lockwood et al. 2009a, b) . It covers the period from 1904 to 2008.
The optimization of the model's free parameters is realized using the genetic algorithm PIKAIA described by Charbonneau (1995) . The code maximizes a function (fitness function, f ), defined as
where χ′ 2 is the reduced χ′ 2 , i.e. the χ 2 per degree of freedom (D f ). For this analysis, we define
where N is the number of observed data points, while x i obs and x i model represent the i-th observed and modeled data point, respectively. σ i is the error of the i-th observed data point.
As the error of individual observations is unknown, we use the standard deviation of the observed φ total and reconstructed φ open data sets to estimate the values of χ′ 2 . Following others (Holland & Welsch 1977) , we apply a weighting function (Cauchy weighting function)
In order to reduce the influence of outliers, the value r in the weight function is set to
where θ is a tuning parameter, h is the deviation of the model from the observations/reconstruction
Here mad is the median absolute deviation of the residuals from their median values, and the constant 0.6745 makes the estimate unbiased for the normal distribution. The tuning parameter (θ) is set to 2.385 according to Holland & Welsch (1977) .
Input data and parameters of the model
For the total surface magnetic flux we use a set of observations compiled by Arge et al. (2002) and Wang et al. (2006) . This data set is based on almost daily observations of the solar global photospheric field that have been carried out at the Mt. Wilson Solar Observatory (MWO), National Solar Observatory Kitt Peak (KP NSO), and Wilcox Solar Observatory (WSO) over cycles 20-23. Note that for the optimization we only use data recorded between 1974 and 2001 when data from all observatories is available. Outside these periods we compare with the observations a posteriori as a further test of the model. We take into account the finding of Krivova & Solanki (2004) that more than half of the photospheric flux of ER may escape detection in the employed synoptic maps due to their relatively low spatial resolution. Consequently, we compare the measurements of the total magnetic flux to the value (φ act + c eph φ eph + φ open ), where c eph is the fraction of φ eph that is detected, which is relatively uncertain, because magnetic polarities are often missed on small scales. Here, we set c eph to be approximately 30% compared to the value of 40% employed by Krivova et al. (2007) . The value of c eph affects the amplitude of the ER cycle in the model since the values of the total flux during solar activity minima is determined mostly by the ER flux.
The parameters of the model as well as their adopted or best fit values are listed in Table 1 . The ER flux decay time is fixed to a valued of 14 hours as found by Hagenaar (2001) . The remaining parameters are allowed to vary within a given range based also on independent observations and/or physical assumptions. This range is also given in Table 1 .
The ranges of the decay time scale of the AR flux, τ 0 act , the ER amplitude factor, X, and the extension parameter, c x , are set as discussed previously by Krivova et al. (2007) and Solanki et al. (2000 Solanki et al. ( , 2002 . The best value found for the decay time scale of the AR flux is approximately 0.32 years. This estimate is close to the 0.25 years obtained assuming a balance between flux emergence and decay (Krivova et al. 2007 ). The best-fit ER amplitude factor is approximately 106 and the cycle extension parameter is approximately 5 years, which leads ER cycles that are longer than 20 years. These values are different from previouly obtained ones, which indicates that the introduction of φ r open changes the best-fit solution. Solanki et al. (2002) and Krivova et al. (2007) postulates that the flux transfer time scale from ER to the open flux is a factor of six higher than the flux transfer time scale from AR (τ 1 eph = 6τ 1 act ). This assumption is based on the observation that in cycle 21 the contribution of ER to the axial dipole moment of the Sun was about a factor of six smaller than that of the AR, assuming an average lifetime of ER of 8 hours (Harvey 1994 Hagenaar (2001) . We searched the best-fit values of both parameters in a wide range from 10 to 90 years. We defined this wide range in order search values in the domain in which Krivova et al. (2007) found the solutions for this parameters. The best fit values for τ Note that due to the extended length of the ephemeral cycle, around activity minimum both the preceding and following cycle contribute to the total and open flux. For the current minimum, we do not yet know the features (strength, length, and time of maximum) of the next cycle (cycle 24). Therefore we negled this cycle completely, so that the modeled magnetic flux values during the current minimum may be too low.
We We note that the set of best-fit parameters presented in Table  1 do not constitute a unique solution. In particular, we found solutions for short values of τ Only the period between the vertical dashed lines is used for the optimization of the parameters. The total flux plotted here is given byφ total = φ act + 0.3φ eph + φ open . The factor 0.3 takes into account that a major part of the photospheric flux from ER is missed when employing synoptic charts due to their relatively low spatial resolution (Krivova & Solanki 2004) . The model reproduces well the average variability of the data sets employed. The minima between the cycles 21-22 and 22-23 are slightly overestimated while the minima between the cycles 20-21 and 23-24 are well reproduced. Note that the observations of the descending phase of cycle 23 and the minimum between the cycles 23-24 were not employed for the optimization of the parameters of the model. It is grafifying to see that the model reproduces the total magnetic flux during the cycle 20 and during the declining phase of cycle 23, although these data points were not used to constrain the solution and the low value of the flux during the current minimum lies well outside the range of the previous minima. Figure 1b displays the calculated evolution of the AR magnetic flux, ER flux, open flux and the total flux. In this panel the total flux is given by the expression:
The modeled minimum values of the total flux between the cycles 20-21 is reduced by approximately 20% relative to the minimum value between cycles 21-22 and it has the same level as the minimum between the cycles 22-23. The modeled value of the present minimum is approximately one third of that following cycle 22. For the model discussed here the ER flux has lower variation over the activity cycle than previously found by Krivova et al. (2007) and Solanki et al. (2002) . This is due to the very extended length of the ephemeral regions cycle, leading to a larger overlap between them. This small variation of the ephemeral region flux is in between the variations proposed by Harvey (1993) and Hagenaar (2001) . Shorter ephemeral region cycles, with less overlap, produce results that are more similar to those of Harvey (1993) , as modelled by Solanki et al. (2002) and Krivova et al. (2007) . Even longer ephemeral region cycles, with even more overlap, produce maxima in φ act in agreement with the results of Hagenaar (2001) .
The relative contribution of AR, ER and open flux to the total flux is presented in Figure 1c . The average contribution of the AR flux to the total flux is approximately 50% during the activity maxima while the contribution from ephemeral regions is about 40%. During the minima, the ER flux contribution is about 80% while the contribution from AR flux is approximately 10%. The open flux represents a small fraction of the total flux (approximately 10% during all phases of the cycle). Krivova et al. (2007) . As the parameters of that model were obtained by fitting to the open flux reconstructed by Lockwood et al. (1999) , we optimized the parameters of the model according to the procedure described in Sect. 2.3, i.e. to the data of Lockwood (2009) , prior to plotting its output in Fig. 2a . The parameters obtained for the Krivova et al. (2007) model are presented in Table 2 , where the limits within which the parameters were searched for are also given. A lag of approximately 2-3 years between the open flux reconstructed by Lockwood (2009) and that based on the Krivova et al. (2007) model is evident. Phase shifts are also observed in flux transfer models due to the effect of the decay term in the flux transport equation (Mackay et al. 2002; Schüssler & Baumann 2006) . The calculated open flux evolution based on the present model reproduces well the reconstruction of the open flux based on the geomagnetic aa-index. In particular, the offset between model and observations, which is well seen in the results of Solanki et al. (2002) and in the model based on Krivova et al. (2007) is now gone. In addition, amplitudes of individual cycles are now in general better reproduced. For reference, a dashed red line representing the average value observed in 2008 is drawn. Clearly, the present model reproduces this value, while the previous, simpler version of the model employed by Krivova et al. (2007) does not.
Open Flux
We note a discrepancy between the observed and modeled values for cycle 19, which is the strongest sunspot cycle observed since the Maunder Minimum. The cause of this discrepancy during the maximum of cycle 19 is not clear. It may be that for such a strong cycle, parameter values are different from those valid for other cycles. For example, Wang et al. (2005) require different meridional flow speeds from cycle to cycle in order to reproduce the Sun's open magnetic flux and to obtain the polarity flip at the poles from one minimum to the next (Baumann et al. 2004) . The meridional flow speed could influence our parameters, which we have maintained unchanged for all cycles. Also, other solar parameters, such as the emergence latitudes, could differs (Solanki et al. 2008 ), which is not taken into account by our model. Alternatively, the reconstruction based on the aaindex could underestimate the peak value of the open flux during high solar activity. The sensitivity of high latitude stations to the auroral electrojet can be reduced at high activity because the electrojet drifts to lower latitudes (Lockwood et al. 2009c ).
This effect is observed, for example, in the apparent saturation or even decrease of the geomagnetic AE-index during intense magnetic storms (Akasofu 1981; Feldstein 1992; Gonzalez et al. 1994) . As discussed by Lockwood et al. (2009c) , in principle, this non-linear effect is not significant for the aa-index because, although it is derived as a proxy of substorm activity, it is obtained from mid-latitude stations. Except during very intense magnetic activity, this effect is avoided for mid-latitude stations because the auroral electrojet always migrates toward the station with increasing activity (Lockwood et al. 2009c) . We speculate that due to the exceptionally high activity during cycle 19 the aaindex may have underestimate the level of maximum magnetic activity all the same.
According to Wang et al. (2006) This result suggests that cycle 24 will be rather weak or peak very late. However, since we cannot be sure that the deduced set of parameters represents a unique solution, we hesitate to use the present model to quantitatively predict the strength or length of cycle 24. Test calculations indicate that even for a given set value of the model's free parameters only a function f (s, l) of the strength, s, and length, l, of the next cycle can be determined on the basis of our model. The evolution of the rapidly and slowly evolving components of the open flux is presented in Fig. 2b as well as the complete modeled open flux. Most of the cyclic variation is determined by the rapidly evolving component, while the slow component produces a background field that varies from cycle to cycle, but only relatively weakly over a cycle. The slow component peaks generally after the fast one in the descending phase of the sunspot cycle. The relative contributions of the rapidly and slowly evolving components to the complete open flux are shown in Figure  2c . A drop of similar magnitude as the current one (but starting from a higher level, so that the slow open flux did not reach such low levels as in [2008] [2009] ) is seen between cycles 19 and 20, when a weak cycle followed a very strong one. During the solar minima, the open flux is maintained almost exclusively by the slow component (Figure 2c) . According to the model, the rapidly evolving component contributes with about 40% of the open flux at solar maxima and this fraction remained almost constant during the last century, even during cycle 19. Figure 3a displays the scatter plot of the modeled versus the observed total magnetic flux. As in Figure 1a , different data sets are indicated by different symbols. Each point represents a Carrington rotation. Also shown are a (15) equal to 1. The slope of the regression (1.03 ± 0.02) indicates a good reconstruction of the variability of the cycle amplitude, although the amplitude of the reconstruction is somewhat lower than the observations. In Fig.  3b the distribution of the model error, defined here as the difference between the model output and the observations is plotted, for the total magnetic flux. The mean error value is 0.55 × 10 (Lockwood et al. 2009a , and references therein), the radial field intensity at Earth is related to the open flux by
Estimates of errors in the model
where r E is the mean distance between the Earth and the Sun. Figure 4c presents the p-values within Bartels rotations, which are the probability of observing a value as extreme or more extreme of the test statistic value given by
where x is the mean, µ is the modeled value, s is the sample standard deviation, and n is the sample size. For reference, the red dashed line displays the 5% significance level (α = 0.05). The red crosses in Fig. 4b indicate the periods at which we could reject the null hypothesis at the significance level of 5%. We note several periods in which the model values do not represent the averaged values over Bartels rotations. Long periods of discrepancy occur in the ascending phase of cycle 21 and the descending phases of cycles 21 and 23.
Reconstruction of the solar magnetic fluxes since the Maunder Minimum
The reconstruction of the total flux (φ total = φ act + φ eph + φ open ) from 1700 to 2008 based on the group sunspot number is displayed in Fig. 5a , while the reconstructions of the AR (blue line) and ER (green line) fluxes are plotted in Figure 5b . As pointed out in Sect. 3.1.1, the modeled value of the total flux during the present minimum is approximately one third of the value observed during the previous minimum between cycles 22-23. Furthermore, the modeled total flux during the present minimum is at the same level of the value returned by the model for the Dalton Minimum, a period of low solar activity lasting from approximately 1790 to 1830 (Figure 5a ). The modeled total flux during the present minimum is maintained entirely by the contribution of magnetic flux emerging in ERs belonging to cycle 23 since the flux emerging in ER for cycle 24 was not included due the lack of knowledge of parameters for this cycle. It must terefore be considered a lower limit.
The group sunspot number, which extends from approximately 1610 to the present, allows the solar magnetic flux to be reconstructed also prior to 1700. The model gives an open and total flux near zero through most of the Maunder Minimum (MM). This is a natural consequence of the coupling of the strength of the cycle of ER to that of sunspots, so that φ eph turns out to be extremely weak in the Maunder Minimum. In addition, the length of the Maunder Minimum is longer than the decay time of the flux, so that in the model practically no flux survives from the pre-Maunder Minimum cycles until the end of the MM. since the invention of the telescope in the 17th century. They represent the longest running time series of direct measurements of past solar variability. Cosmogenic isotopes provide estimates of solar activity that are less clean, in the sense that they are affected by the other quantities, such as the geomagnetic field and processes (e.g. climate variations and carbon cycle). However, these records extend to earlier times, covering periods up to thousands of years (Stuiver & Braziunas 1989) .
Reconstruction of solar magnetic flux for the Holocene
By combining physics-based models for each of the processes connecting the isotope concentration in a relevant terrestrial archive with solar activity, open flux and from it the sunspot number could be reconstructed by Solanki et al. (2004) and Usoskin et al. (2004 Usoskin et al. ( , 2007 . Since from cosmogenic isotope records the primary solar parameter that can be determined is the open flux, the problem faced here is opposite the one dealt with in Sect. 2 and 3. How to compute the SN from the open flux? This was first dealt with by Usoskin et al. (2002) . In the reconstructions carried out so far, the solar open flux is linked with the sunspot number, AR and ER flux by inverting the model by describing the evolution of the solar surface magnetic components for a given sunspot number (Krivova et al. 2007; Solanki et al. 2000 Solanki et al. , 2002 . In this section, we update the previous estimate of the sunspot number, AR, and ER flux based on the inversion of the model described in Sect. 2.1. In addition, often only multiyear, e.g. decadal, averaged data are available. Hence we need to take this into account.
Derivation of the magnetic flux model
By differentiating Equation (6) 
Substituting Equations (4) and (5) in (20) . (22) Here, the symbol ... denotes 10-year averaging. We assume that on decadal time scale the flux in active regions evolves in a steady state, i.e. the flux emerging in active regions is approximately equal to the decay due to several processes. In this way, we can write from Eq. 1
where The validity of this approximation can be tested by computing the ratio φ act / ǫ act from the model output, which should be close to τ act ( 0.27 years). We found that φ act / ǫ act is approximately 0.1% higher than the value of τ act . Consequently, the assumption that the flux in active regions evolves in a steady state on a decadal scale is well founded. Substituting Eq. (7) Similarly, since τ 0 eph ≈ 14 hours is also very short compared to the cycle length, we obtain from Eqs. (2) and (8)
where
The maximum emergence rate during the activity cycle i can be computed using Equation (13 Table 1 , adjacent cycles overlap in a way that a low 11-year variability of the ER cycle is observed and the long-term trend is directly related to the 10-year averages of R g . At the maximum of an ephemeral region cycle, φ eph , we can set g i = 1, so that we obtain using Eq. (13 
The ER flux averaged on a decadal time scale is then given by
We can also assume that the rapid open flux evolves in a steady state on a decadal time scale. In this case,
We found that the value of the ratio < φ act >/ 
Substituting Eqs. (30) and (31) into (22) we obtain
, and
Replacing Eqs. (25) and (29) into (33) we obtain
where, the constant c is given by
Rearranging, we get
The 10-year averaged AR and ER can be retrieved by substituting Eq. (37) in Eqs. (25) and (29) (2000) and Korte & Constable (2005) , respectively. The 2008 annual average is indicated by the red circle.
Reconstructed magnetic flux through the Holocene
Our reconstruction of past solar activity relies on the decadal estimate of the solar open flux from measurements of 14 C as was done earlier by Solanki et al. (2004) and Usoskin et al. (2007) . As discussed by Usoskin et al. (2007) , the estimate of the open flux depends on the knowledge of the temporal evolution of the geomagnetic field. Usoskin et al. (2007) presented two reconstructions based on the paleomagnetic models by Yang et al. (2000) and Korte & Constable (2005) . The first one extends through the whole Holocene while the second one reaches back around 7000 years. In Fig. 6 , a comparison between the empirical cumulative distribution functions of these two reconstructions based on 14 C data and the one based on the telescopic sunspot record is presented. In order to compare the distributions of the open flux based on 14 C, we have employed just the period over which the time series overlap. As the geomagnetic dipole moment of Korte & Constable (2005) is systematically lower than that obtained by Yang et al. (2000) , a systematically higher open flux is obtained. We note that the distribution of the open flux estimated from sunspot number is closer to the reconstruction using the Korte & Constable (2005) geomagnetic dipole moment. It suggests that if the paleo-geomagnetic reconstructions of Korte & Constable (2005) is a yearly value, while the curves based on the reconstructions from 14 C are decadal averages.
A comparison between the reconstructions of the sunspot number obtained using Equation (37) and the one obtained by Usoskin et al. (2007) reveals a good correspondence (R ≈ 0.96). We note that the reconstructions obtained based on the two approaches are quite similar, with the reconstruction from Usoskin et al. (2007) having slightly lower values during high activity. Both reconstructions are based on the open flux estimate by Usoskin et al. (2007) using the Korte & Constable (2005) model. The main difference between the two models is the relationship between the open flux and sunspot number. In this work, we distinguished the fast and slowly evolving components of the open flux, while in the reconstruction by Usoskin et al. (2007) such a separation is not made.
We obtain the reconstruction of the total magnetic flux from the estimate of the magnetic flux in AR (Eq. (25)), ER (Eq. (29)), and the open flux provided by Usoskin et al. (2007) . Figure 7 presents the obtained reconstruction based on the Korte & Constable (2005) geomagnetic model. In Fig. 7a , we concentrate on the reconstruction since 500 AD (blue line). For reference, the total flux estimated from sunspot data is presented. The reconstruction since 5000 BC is shown in Figure 7b . The total flux is required to compute the irradiance, which will be the topic of a forthcoming paper.
Concluding remarks
In the present paper, we have considered an extension of the simple model of Solanki et al. (2002) and Krivova et al. (2007) 
